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Propositional Logic (

—1.1 Propositional Logic —

Step 2. Ask the computer
to solve the formula.
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A Quick Recap — Last Lecture

« Tautology

« SAT Problem



Outline — This Lecture

e Normal Form

 DPLL



SAT ( T BT )
g DEFINITION <

In computer science, the satisfiability problem (abbreviated
SATISFIABILITY or SAT) is the problem of determining if there exists an

dnterpretation that satisfies a given formula. y

- /\

The first problem that was
proven to be NP-complete

(Cook—-Levin theoremt)
\_ ),




SAT ( TIH BT )
- DEFINITION

In computer science, the satisfiability problem (abbreviated

SATISFIABILITY or SAT) is the problem of determining if there exists an

\interpretation that satisfies a given formula.

S. A. Cook.

The Complexity of Theorem Proving Procedures.

Proceedings of the Third Annual ACM Symposium on the
Theory of Computing, 151-158, 1971.

Stephen Cook Leonid Levin
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s there a wa Y to speed up
the algorithm?
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SAT solver can do it!
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http://www.satcompetition.org/



http://www.satcompetition.org/

Normal Form ( 8% )

OBSERVATION

Given a wiff, you can build infinite formulas that are equivalent to it.

A— B,-AV B,-(AAN-B)

- /™

They are tn different form
but they are equivalent.
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Normal Form ( 53 )

OBSERVATION

Given a wiff, you can build infinite formulas that are equivalent to it.

A— B,-AV B,-(AAN-B)

- A

If we can require a normal
form, Lt is good for desioning
algorithm for SAT problem.
\_ J




Normal Form ( S8X )
p DEFINITION <

A literal () is a propositional variable or its negation.

A clause (FTEX=0/74)) is a disjunction of one or more literals.

A conjunctive clause (& H{Z\) is a conjunction of one or more Iiterals.j

A literal
-B literal

AV B disjunctive clause
AN-B conjunctive clause




Conjunction Normal Form ( SEGE )

- DEFINITION

A formula is in conjunctive normal form (CNF) or clausal normal form if

ORs.
g

~

it is a conjunction of one or more clauses. Otherwise put, it is an AND of

J

r N (AV-B)A(BV-A)ANA

Modern SAT solvers use CNF. ANB

\_ J




Converting to CNF

(" However, many problems are
not L CNF. How to convert
9 themt to CNF?




Converting to CNF

P Q g(P,Q) &(P,Q)
FF T T

F T T T

T F F

T T T

-

Stept: find all false rows

.

4 N
Step2: generate a formula
for every row
\ J
( )
Step3: use “andd” to

connect these formulas

e J

g1(P, Q) = ((=P) vV Q) A ((=P) V (-Q))

r

&

/T—

[t s L CNF! Truth table can
help convert formulas to CNF.

~N

J




Converting to CNF

P Q g(P,Q) &(P,Q)
FF T T

F T T T

T F F

T T T

-

Stept: find all false rows

.

4 N
Step2: generate a formula
for every row
\ J
( )
Step3: use “andd” to

connect these formulas

e J

g1(P, Q) = ((=P) vV Q) A ((=P) V (-Q))

/T

r

&

But if we can bulld the truth
toble, we dont need SAT solvers.

~N
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Converting to CNF

-
May be we coan use propositional

equivalence Laws to do it.
\_ J




Converting to CNF

—(PVQ) < (PAQ) ﬁ Example




~

Stept: eliminate
me Lication and

blconditional
connectives.
~(PV Q) (PAQ) /\ Y,

=(=(PVQ)V(PAQ)AN(PVQ)V(PAQ))

Converting to CNF




(

Stepi: eliminate
Lmplication and
biconditional
conmnectives.

Converting to CNF

>

~(PVQ) & (PAQ)
(—=(PVQ)V(PAQ))AN=(PVQ)V(PA Q))jstepzz repeatedly use De
(PVQ)V (PAQ)A((=PA=Q)V (=P V-Q)) Morgaws Laws and
double negation Law to
move “not” tnstde

\_ J




(

Stept: eliminate
me Lication and

Converting to CNF

biconditional
conmectives.
~(PV Q)+ (PAQ) > <
=(—=(PVQ)V(PAQ)AN((PVQ)V-(PAQ)) Step: repeatedLg use e
=((PVQ)V(PAQ)A((=PA=Q)V (=P V=Q)) Morgan's laws andl

(PVQ)A (-PV-Q) double negation Law to

move “not” Lnsioe
(_/\ \_ )
\

Stepz: repeatedly use
distributive Law to get CNF

\_ J




Exercise

(AANB) < FE

(AANB) < FE
(AANB) - E)N(F — (AN B))
(—(AANB)VE)AN(-EV (AAB))
(—AV-BVE)AN(—~EV A)N (—EV B)



r

Ave there any other normal forms?

. J




Disjunction Normal Form ( #THGER )

- DEFINITION

A formula is in disjunctive normal form (DNF) if it is a disjunction of one

or more conjunction clauses. Otherwise put, it is an OR of ANDs.
.

AV B
(AAB)V (mAA-B)



Converting to DNF

N
—(PVQ) < (PANQ) ﬁsame example bn CNF

J




~

Stept: eliminate
me Lication and

biconditional

=(=(PVQ)A-(PAQ))V (~(PVQ)AN(PAQ))

Converting to DNF




Converting to DNF

-(PVQ)«+ (PANQ)

(= (PVRIANA(PAQ))V ((PVQ)A(PAQ))
(PVQ)A(PV-Q))V (-PA-QAPANQ)

~

\_

Stepi: eliminate
Lmplication and
biconditional
conmnectives.

J

o

\_

Step: repeatedly use De

Morgawn's Llaws and
double negation Law to
move “not” tnstoe
J




Converting to DNF

~(PVQ) < (PAQ)

(F=(PVRIANA(PAQ))V (~(PVQ)A(PAQ))
(PVQ)A(PV-Q))V (-PA-QAPAQ)

(

\_

Stepi: eliminate
Lmplication and
biconditional
conmnectives.

J

(PA=P)V(QAN-P)V(PAN-Q)V(QAN-Q)V (-PAN-QANPANQ)

I~

Step3: repeatedtg use

\_

distributive Law to get DNF

~

J

-

\_

Step: repeatedLg use D

Morgawn's Laws and
double negation Law to
move “not” tnstole

A

J




Exercise

(ANB) < E

(AANB) < FE

(ANBANE)V (~(AANB)AN-E)
(ANBAE)V ((mAV-B)A-E)
(ANBANE)V (mAAN-E)V (B A-E)



4 A

Whg dloes SAT Solvers use
CNF tnstead of DNF?

If SAT solvers use DNF, what
will happen? A
\_




CNF v.s. DNF

AT NASANAS A NA,
A/ VA, VAV ...V A,

-

A formula bn DNF is true when one

of these conjunction clauses is true.

owe of them Ls true when P ang —P
don't exist at the same tinee.

\_ /




CNF v.s. DNF

AT NASANAS A NA,
A/ VA, VAV ...V A,

You Just have to scan through the
conjunction clauses and check
whether one of them contains not
both a variable and its negation.

\_ /




CNF v.s. DNF

AT NASANAS A NA,
A/ VA, VAV ...V A,

r N

Things become much easter when we
address DNF instead of CNF. why
SAT solvers use CNF?

\_ /




Disjunction Normal Form

(A1 V Byp)A (AL NAs AN N ALV

(Ag V Boy)A (Bi AAx N ..o AN ALV

(Az V B3)A @a=) (A ANByA...ANAL)V 2"
(A V By) (Bi A By A ...\ By)

/\

-

\_

You can convert a formula into DNF, but the

original formula—in fact, exponentially so.

resulting formula might be very much larger thaw the

J




Normal Form Theorem

THEOREM

Every formula can be converted to CNF and DNF.

4 )
We can use truth table to convert o

formula to CNF and DNF. A




(PVQ)N(-PV-Q)

—~(P P
( \/Q)H( /\Q) N (P\/Q)/\(_lp\/ﬁQ)/\(P\/—lP)

4 )
Although we can convert formulas to CNF,

we can still get many different formulas.

can we define a more precise form?




Principal Normal Form ( 3% )

. DEFINITION

Given n propositional variables, if every variable exists once in a

conjunction clause, the clause is a minterm (Hz/NIiD) .
\

Pl P2 mmp Pl A P2 -Pl1AP2 PlA-P2,-P1A-P2 2"

T~

Every minterme LS true unoler owLH ONE ’Lwterpretatéow.
AnyY two minterms are not equivalent ana the
camd' unction of them is F.

\_ J




Principal Disjunction Normal Form ( EEGER )

DEFINITION

[Principal Disjunction Normal Form(PDNF) is the disjunction of minterms.

S

(P.Q) &(P.Q) r StepL: ﬁvwl all true rows ‘

é )
Step2: generate a formula

Q
F
T
F for every row
T

— 4 T M| T

El~E
B

\. J

4 N\
Ste]s:%: use “‘or” to comwnect

these formulas (TY(/L'H/I table is aLL"P‘/‘-V‘POSE.\

1 | Bvery formula con be

g (P, Q) = ((=P)A (=Q)) V((=P)A Q) V (PAQ) convertea to DV\«Lg ONE
{ PDNF. )




Principal Disjunction Normal Form ( EEGER )

DEFINITION

[Principal Disjunction Normal Form(PDNF) is the disjunction of minterms.

"\

(P,Q) &(P,Q) i Step1: find all true rows

S

é )
Step2: generate a formula

for every row

\. J

Q
F
T
F
T

4 47T

El~E-
nm— o

4 N\
step:«s use “or” to connect
these formulas

y ™
W If a PDNF Lncludes all

go(P, Q) =(((=P)AN(=Q)) V((-P)ANQ)) V(PN Q) ) )
minterms, Lt must be true.
Y,




Converting to PDNF

——PVQ
=(=PA(QV-Q))VQ
=(=PAQ)V (~PA-Q
=(—PAQ)V (-PAN-Q
=(-PAQ)V (-PA-Q
=(~PA-Q)V (~PAQ

=mo V. mi Vms = Vp.1.3



Exercise

(AANB) < FE
(AAB) < E
—=(AABAE)V (~(AAB)A—-E)
=(AABAE)V ((~AV =B) A —E)
—=(AABAE)V (=AA-E)V (=B A—E)
—=(AABAE)V(=AA-EA(BV=B))V(~BA-EA(AV-A4))
=(AANBAE)V (wAANBA-E)V (=AA-BA-E)V(AA-BA-E)V(~AA-BA-E)
(

—~AAN-BA-E)V(mAANBA-E)V(AAN-BA-E)V(AABAE)

=moV maVmyV ms = Vp.2.4.7



Principal Normal Form ( 3% )
- DEFINITION

Given n propositional variables, if every variable exists once in a

disjunction clause, the clause is a maxterm (FZ KT .
\_

Pl P2 mmy P1vV P2, -P1V P2, P1V —P2,-P1V —P2 on

T~

( v Vd v \
Every maxterm Ls false under only one Lnterpretation.
Every two maxterms are not equi,\/atewt anol the
olisjuwctiow of them s T.

\_ J




Principal Conjunction Normal Form ( ESHGEI )

DEFINITION

[Principal Conjunction Normal Form(PCNF) is the conjunction of maxterms.

P Q g(P,Q) g(P,Q) r Step1: find all false rows ‘
F F T T - 4
F T T T Step2: generate a formula
T F F F oY eVery row
T T T > f J < >
Steps: use ‘and w0 | Truth table Ls all-purpose.

%me formutas JI every formula con be

gi(P,Q) = ((=P)V Q) A ((=P) V (=Q)) convertesl to DV\JLg OWNE
PCNF. )




Principal Conjunction Normal Form ( ESHGEI )

DEFINITION

[Principal Conjunction Normal Form(PCNF) is the conjunction of maxterms.

P Q &.Q afQ r Stept: find all false rows |
FF T T = J
F T T T Step2: generate a formula
TP F F DY evVery row
T T T s f J /
Step3: use “and” to

%‘W formas J(© +f g PCNF includes all

a(P.Q) = (5P)V Q) A (5P V (~Q)) maxterms, tt must be

false.




Converting to PCNF

PAQ
=(PV(QAN=Q))AN(QV (PAN-P))
=(PVQ)N(PV-Q)N(QVP)A(QV~P)
=(=PVQ)A(PV-Q)A(PVQ)
=My A My A My = Aqa:3



Exercise

(AANB) < FE

(AANB) « E

(AANB = EYAN(E — AN B)

(~(AANB)VE)AN(-EV(AAB))

(mAV BV E)A(-EVA)A(-EV B)
(wAV-BVE)A(-EV AV (BA-B))A(=EV BV (AA-A))
(~AV-BVE)A(AVBV-E)A(AV-BV-E)A(AV BV -E)A(-=AV BV —E)
(wAV-BVE)A(—AV BV -E)A(AV-BV-E)A(AV BV -E)

My A My A My A Mg = A2.a6



PCNF vs. PDNF

P Q &(P.Q) &(P.Q) P Q &(P,Q) &(P,Q)
F F F F T T
FoT F T T T
T F F B T F
T T F T T T
&(P.Q) = (-P)A @)V (GP)A Q) V (PAQ) &P Q) =((=P)V Q)
&1(P,Q) = (-P) A (=@) V (-P) A Q) g1(P,Q) = (-P)V Q) A (-P) V (-Q))
r \ N
can You find the relation between PCNF and
PDNF according to truth table?
N y




SAT Solver

-

n practice, CNF Ls enough and wmore
convenient for SAT Solver.

~N




Strawman
RROBLEM

Given a CNF formula, check its satisfiability efficiently

) BASIC IDEA

Randomly assign the truth value to maximize the number of

true clauses.
\_




Algorithms Using Randomness

Select the plvot A
{ Pivot ria I/\/&’lDWLLa LA OU/Lf,ORSDVt

9|3|5|2|6|8|-6|1]3 MSMHLLH blfil/\/@ better

\ | performance and avolo
=3 i Worst case.
32|61 3 85|96 \ /




Strawman
RROBLEM

Given a CNF formula, check its satisfiability efficiently

e GSAT(random + greedy)

Loop n times
- Randomly select start assignment of variables
- Loop m times

- Flip a variable that results in maximum profit

- Exit if profit = number of clauses

N\







\

3, 1v2, 1Vv3

[ SUCCESS I







3, 1v2, 1Vv3




shoulder

N\

( , )
Starting here
will succeed.
.
A _— global maximum

local maximum

“flat” local maximum

/

current
state
\

You may wnever get the

answer Lf You start heve.
. J




Strawman

RROBLEM
Given a CNF formula, check its satisfiability efficiently

GSAT(random + greedy)

The algorithm is not complete. (there’s always a
chance it will miss an existing solution)

4 . )
Loop n times
- Randomly select start assignment of variables
-  Loop m times

- Flip a variable that results in maximum profit
L Exit if profit = number of clauses y
r ISSUE )




DPLL (Davis-Putnam-Logemann-Loveland Algorithm)

/ (" Make the algorithm
\ complete with Logical
lnference.
/ N <

7%

The backtracking DPLL algorithm is
the basis for most modern SAT solvers.



DPLL
- OVERVIEW ~

Iteratively process by following steps:

- Guess the truth value of an undefined literal
- Infer the truth value of other variables with inference rules

- |f a clause is false and there is a decision literal, backtrack and

re-guess a variable
7 Y,

DEFINITION
A literal is defined if its truth value has been guessed or inferred.




DPLL
- OVERVIEW ~

Iteratively process by following steps:

- Guess the truth value of an undefined literal
- Infer the truth value of other variables with inference rules

- |f a clause is false and there is a decision literal, backtrack and

re-guess a variable
7 Y,

DEFINITION
A literal is defined if its truth value has been guessed or inferred.




DPLL

-

A literal / is defined by "guessing”, then it is annotated as a “decision

DECIDE RULE

literal”. If all defined literals can not satisfy formula F, then =/ must be

concerned.
\_

—B)AN(BV-C)AN(CV A)

A Ls an undefined Literal. We can guess A=F
temporarily which makes A to be a decision Literal.

J




DPLL
- OVERVIEW ~

Iteratively process by following steps:

- Guess the truth value of an undefined literal
- Infer the truth value of other variables with inference rules

- |f a clause is false and there is a decision literal, backtrack and

re-guess a variable
7 Y,

DEFINITION
A literal is defined if its truth value has been guessed or inferred.




DPLL

e UNITPROPAGRATE RULE

To satisfy a CNF formula, all its clauses have to be true. Hence, if a
clause of F contains a literal / whose truth value is not defined by the

current assignment while all the remaining literals of the clause are false

| must be defined to be true.

)

/

o) eva

—fBeca use we ouess A=F, thew we ca V\/\
Lnfer that B=F. Then we can tnfer
C=F according to the second cLause.)




DPLL
- OVERVIEW ~

Iteratively process by following steps:

- Guess the truth value of an undefined literal
- Infer the truth value of other variables with inference rules

- |f a clause is false and there is a decision literal, backtrack and

re-guess a variable
- /

DEFINITION
A literal is defined if its truth value has been guessed or inferred.




DPLL
- BACKTRACK RULE <

If a conflicting clause C is detected and there is defined decision literal /, then the rule
backtracks by replacing the most recent decision literal / by =/ and removing any

subsequent literals in the current assignment. Note that =/ is annotated as a non-

decision literal, since the other possibility / has already been explored.

(AV=B)A(BV-=0) /\ { Because A=®B=C=F, thewn the )

last clause Ls F. Now we can

[ A cowﬂ’wt’mm backtrack and guess A=T. Now

A Ls not a dectsion Literal.
N - - Y




DPLL

- FAIL RULE

This rule detects a conflicting clause C and produces the FailState state whenever

there is no decision literals defined.
\_

(AV =B) A (BV -C)A[(C V A) We can backtrack because A Ls a )
decision Literal. tf there s no
[ A cowﬁictiwm deciston Literal, we can coneluole
_ the formula is unsatisfiable. y




DPLL
e OVERVIEW ~

lteratively try to

- Guess the truth value of an undefined literal

- Infer the truth value of other variables with inference rules

- If a clause is false and there is a decision literal, backtrack and reguess a variable

\_ _/
(AV-B)AN(BV-C)A(CV A) ~N

Now A=T and we can repeat the
three steps to get the answer.




DPLL
PURELITERAL RULE

4 )
If a literal /is pure in F, i.e., it occurs in F while its negation does not,
then F is satisfiable only if it defines / to be true. Thus, we can define /
to be true.

N\ _/

Actually, we don't need to guess A heve.

(Elv ~B)A (BV -C) A (C VEI) Because A exists ane A doesn’t exist.
So we cawn directly determine A=T.

J




Example

@ || 1v2, 2v3, 1v3v4, 2v3v4, 1vd = (Decide)



Example

# | 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (Decide)
19 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)



Ivz, 2V 3, Iv§v4, 2v§v§, 1v4
1v2, 2v3, 1v3v4, 2v3v4, 1v4
1v2, 2v3, 1v3v4, 2v3v4, 1v4

=
=
=

(Decide)
(UnitPropagate)
(UnitPropagate)



|t |t | e |

2v3, 1v3v4, 2v3v4, 1v4d = (Decide)

2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)
2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)
2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)



Example

192
1§§3
19234

2V 3,
2V 3,
2V 3,
2V 3,
2V 3,

ol Wl Bl Wl Ml
< < < < <
DO D] D] | ]

1v4
1v4
1v4
1v4
1v4

N

(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)



Example

192
1923

19234

2V 3,
2V 3,
2V 3,
2V 3,
2V 3,

el el Ml el Bl Bl
< < < < << <
B | B | B 9]

-

1v4
1v4
1v4
1v4
1v4
1v4

I

(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)
(UnitPropagate)



2V 3,
2V 3,
2V 3,
2V 3,
2V 3,

-

ol Bl Bl Bl Bl Bl Ml
> T U U U U
DO B D] B B B I

2V 3,

1v4
1v4
1v4
1v4
1v4
1v4
1v4

LEELLLY

(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)
(UnitPropagate)
(Decide)



el Il Bl Bl Bl Ml Ml Ml
< < < K< K K< < <L
DO B D] B B B I

D

2V 3,
2V 3,
2V 3,
2V 3,
2V 3,
2V3
2V 3,

2V 3,

-

1v4
1v4
1v4
1v4
1v4
1v4
1v4

1Vv4

I

(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)
(UnitPropagate)
(Decide)

(UnitPropagate)



-, . . . -, -,

DI D] D] D] B | NI

-,

.

bt |t |k |t | |t |t | | et |
< K K K KKK K KL

DN B9

.

2V 3,
2V 3,
2V 3,
2V 3,
2V 3,
2V3
2V 3,

2V 3,
2V 3,

-

1v4
1v4
1v4
1v4
1v4
1v4
1v4

1Vv4
1v4

I

(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)
(UnitPropagate)
(Decide)

(UnitPropagate)



1V 3 = (PureLiteral)
1Vv3 = (UnitProp)
1V3 = (UnitProp)

1v3



Exercise

1v2 1v2, 2Vv3 3Vv2 1Vv4



